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ACCELERATED SUPERSONIC MOTION OF A PLANE 
AT A FINITE ANGLE OF ATTACK 

0. G .  Goman 
(Dneprop e t r  ovsk) 

ABSTRACT. Supersonic nonsteady motion of a p l ane  i n  
a n  i d e a l  gas i s  considered.  The p lane  wi th  t h e  a t t ached  
shock wave moves a t  a f i n i t e  (not  i n f i n i t e l y  small)  ang le  
of a t t a c k .  The l a w s  governing t h e  change of v e l o c i t y  and 
t h e  angle  of i n c l i n a t i o n  of t h e  p lane  are assumed t o  be 
a r b i t r a r y ,  and t h e  S t r u h a l  numbers are small. With t h e  
l a t t e r  assumption, and w i t h  Mach numbers i n  t h e  per turbed  
area not  t o o  c l o s e  t o  u n i t y ,  t h e  motion can be charac te r -  
i z e d  s u f f i c i e n t l y  w e l l  by in s t an taneous  va lues  of t h e  
nonsteady parameters  and t h e i r  d e r i v a t i v e s .  This  
f a c t  p rovides  t h e  p o s s i b i l i t y  of s impl i fy ing  cons iderably  
t h e  system of equat ions  d e s c r i b i n g  t h e  per turbed  non- 
s t e a d y  movement, and t o  o b t a i n  i t s  a n a l y t i c a l  s o l u t i o n .  

A p l a t e ,  forming a n  ang le  6 ( t )  w i th  some f i x e d  d i r e c t i o n ,  moves i n  a 

p e r f e c t  gas a t  supersonic  v e l o c i t y  Uw(t ) .  

system o fcoord ina te sxOy ,  wi th  t h e  x axis d i r e c t e d  a long  t h e  chord of t h e  p l a t e .  

We s h a l l  on ly  cons ider  f low where i s  a n  a t t a c h e d  shock wave (Figure  1). The 

ampli tudes of changes i n  Um and 0 can be  a r b i t r a r i l y  l a r g e ,  under t h e  cond i t ion  

t h a t  t h e  shock wave i s  a t t ached  and t h a t  t h e  f low behind i t  i s  supersonic .  

The func t ions  UW(t) and 0 ( t )  i n  t h e  considered i n t e r v a l  of t i m e  O < t <  T are 

regarded as monotonic and cont inuous ly  d i f f e r e n t i a b l e .  

and, consequent ly ,  dimensionless  forward a c c e l e r a t i o n  and t h e  angular  v e l o c i t y  

We s h a l l  u t i l i z e  t h e  coupled 

The S t r u h a l  numbers 

u, a d  
M,=- 

a= 
p z=- I 

J- 

Numbers i n  t h e  margin i n d i c a t e  pag ina t ion  i n  t h e  o r i g i n a l  f o r e i g n  t e x t .  
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Here a- i s  t h e  speed of sound i n  t h e  un- 

per turbed  medium and Z i s  t h e  l e n g t h  of 

t h e  p l ane  chord, taken as a l e n g t h  scale. 

With such assumptions,  and for Mach 
AU 

numbers i n  t h e  per turbed  area n o t  t oo  

F igure  1 c l o s e  t o  u n i t y ,  t he  motion i s  charac te r -  

i z e d  s u f f i c i e n t l y  w e l l  by va lues  of t h e  

nonsteady parameters  and t h e i r  d e r i v a t i v e s  [l]. I n  t h a t  case, t h e  unknown 

parameters  of  nonsteady re la t ive f low of gas behind a shock wave can be repre-  

sen ted  i n  t h e  form 

where s(T), p ( - r ) ,  p ( ~ )  and V(T)  are ent ropy ,  d e n s i t y ,  p r e s s u r e  and r e l a t i v e  

v e l o c i t y  of t h e  s t e a d y  stream, corresponding t o  t h e  in s t an taneous  v e l o c i t y  

U,(t) and in s t an taneous  d e f l e c t i o n  ang le  (F igure  1) of t h e  stream by t h e  p l a t e  

AU a = 8 ,+ arc tg- 
' 0  uo, 

The q u a n t i t i e s  S ,  R, P and U denote  p e r t u r b a t i o n s  caused by t h e  nonsteady /71 
state. The d e r i v a t i v e s  of s, p ,  p and v wi th  r e s p e c t  t o  T are of t h e  o r d e r  E 

s i n c e ,  f o r  i n s t a n c e ,  

and f o r  t h e  s t e a d y  f low (a t  t h e  Mach numbers l a r g e r  than  u n i t y  i n  t h e  per turbed  

a r e a )  t h e  d e r i v a t i v e s  of gasdynamic parameters  w i t h  r e s p e c t  t o  M, and 01 are 

l i m i t e d .  

I f  t h e  v a l u e s  of S ,  R ,  P and U are considered t o  be  of o rde r  E ,  t h e i r  

d e r i v a t i v e s  w i t h  r e s p e c t  t o  s p a t i a l  v a r i a b l e s  w i l l  a l s o  be  of t h e  s a m e  o r d e r ;  

however, t h e  d e r i v a t i v e s  w i t h  r e s p e c t  t o  T b 7 i l l  b e  of t h e  o rde r  E I f ,  ins tead.  2 

2 



of -r9 w e  in t roduce  t h e  v a r i a b l e  Mm(-c) ,  w e  s h a l l  o b t a i n  

i . e . ,  as/& sZ and s i m i l a r l y  f o r  t h e  o t h e r  parameters .  

L e t  us  i n t roduce  t h e  n o t a t i o n  

uo AU 
a, a ,  q l = - ?  qz=-- 9 43=8 

Then f o r  t h e  f low w i t h  s m a l l  a c c e l e r a t i o n  and s m a l l  angular  v e l o c i t y ,  t h e  s m a l l  

k inematic  parameters  w i l l  b e  

" dq1 . dq2 . ,do 
41 =- 9 q 2 = - ,  q 3 = -  d z  d z  dz 

(We s h a l l  n o t e  t h a t ,  a l though t h e  theory  cons ide r s  c o e f f i c i e n t s  of  r o t a t o r y  

d e r i v a t i v e s ,  i t  i s  more convenient  h e r e  t o  r e f e r  t h e  kinematic  parameters  t o  

t h e  v e l o c i t y  am, and n o t  t o  t h e  v e l o c i t y  U which changes i n  t i m e . )  0 

S u b s t i t u t i n g  expansions of (2) i n t o  equat ions  of t h e  re la t ive flow of 

gas ,  and r e t a i n i n g  only  terms of t h e  E orde r ,  w e  o b t a i n  t h e  fo l lowing  system 

f o r  t h e  per turbed  flow: 

Funct ions f, f and f are def ined  by t h e  r e l a t i o n s  3 4 

f l  = qi' cos 8 $- q2. sin 0 - v', - J 3  = -pe 
fz = - (ql' sin 8 - q2' cos 0 + 2v8'), f k  = --so 

Here a d o t  i n  t h e  p o s i t i o n  of t h e  prime denotes  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  

t o  T a  
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From (3) w e  have 

and a l s o  

where cpi,cPz and g1 are a r b i t r a r y  func t ions ,  and 

The cond i t ion  on t h e  s u r f a c e  of  t h e  p l a t e  U,lFo=O g i v e s  

Hence 

We shall express  t h e  equat ion  f o r  the shock wave i n  t h e  form 

where B(T) i s  t h e  i n c l i n a t i o n  a n g l e  of t h e  wave f o r  an ins tan taneous  s t eady  

flow, and F(x,T) i s  nonsteady p e r t u r b a t i o n  of i t s  form of o rde r  E. The 
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r e l a t i o n s h i p s  a t  t h e  shock wave f o r  per turbed  f low are obtained by l i n e a r i z a t i o n  

of exac t  r e l a t i o n s  w i t h  r e s p e c t  t o  t h e  parameter E ' ,  and have t h e  form 

Here 

a3=- 2 (1 +-), .1 a4=- e' a5 = -Ms sin 3 cos p 
35 +!i cos /3 

I n d i c e s  n and s denote  p r o j e c t i o n s  on t h e  e x t e r n a l  normal and tangent  t o  

t h e  "old" wave y = x t g  B ,  t o  which cond i t ions  (9) should apply under t h e  

assumptions adopted. [Condi t ions (9)  do n o t  con ta in  t h e  d e r i v a t i v e  aF/ 6% 
f o r  t h e  Same reason  t h a t  t h e  d e r i v a t i v e s  of t h e  f u n c t i o n s  S ,  R, P and U w i t h  

r e s p e c t  t o  T are n o t  contained i n  t h e  Equat ions ( 3 ) ] .  

It fo l lows  from t h e  Expression (9) t h a t  

U v = a l P -  a2xI,,tgp 

Denoting P on t h e  s u r f a c e  of t h e  p l ane  by 'I'((x) =(p,(s) + q O 2 ( x ) ,  w e  o b t a i n ,  - / 7 3  

from t h e  previous  equat ion  and t h e  Expression (7), a n  equat ion  f o r  Q 
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This  equat ion  has  a s imple p h y s i c a l  meaning: i t  c h a r a c t e r i z e s  t h e  pe r tu r -  

b a t i o n  i n t e n s i t y  of p re s su re ,  a r r i v i n g  a t  the  p o i n t  xfc from t h e  p o i n t  6xJx, 

propagat ing along the  c h a r a c t e r i s t i c  of t h e  f i r s t  fami ly  x - y c t g  1-1 = 6xJx 

wi th  subsequent  r e f l e c t i o n  from t h e  shock wave w i t h  respect t o  t h e  charac te r -  

i s t i c  of t h e  second fami ly  y c t g  p + x = XI. 

c i e n t  of p e r t u r b a t i o n  from t h e  shock wave. A s  shown by G. G. Cherny [ 2 ] ,  f o r  

t h e  case of t h e  a t t ached  wave I XI < 1. 

Here X i s  t h e  r e f l e c t i o n  c o e f f i -  

The s o l u t i o n  of t h e  Equation (10) w i l l  be  the  f u n c t i o n  

The d e r i v a t i v e s  p ' ,  v'  and B "  can b e  e a s i l y  found from t h e  r e l a t i o n s  of 

an  ob l ique  d i s c o n t i n u i t y .  L e t  t h e  l a t t e r  b e  expressed i n  t h e  form of f u n c t i o n s  

of t h e  number Ma and t h e  angle  of d e f l e c t i o n  of t h e  incoming stream a. Since  

w e  s h a l l  have 

and analogous express ions  f o r  v' and B ' .  

A s  a r e s u l t ,  (11) can be  w r i t t e n  i n  t h e  form 
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Thus, i n  t h e  s i t u a t i o n  considered,  t h e  p re s su re  p e r t u r b a t i o n  on t h e  sur-  

f a c e  i s  p r o p o r t i o n a l  t o  t h e  nonsteady parameters, q l ' ,  q2' and q * 

t h e  p lane ,  it i s  d i s t r i b u t e d  accord ing  t o  a l i n e a r  l a w .  The remaining gas- 

dynamic parameters  can be  a l s o  e a s i l y  obta ined .  

Along 3 .  

We have t o  no te  immediately t h a t  the Expression (12) ag rees  w i t h  r e s u l t s  

of t h e  l i n e a r  theory  of nonsteady motion of a t h i n - p r o f i l e  body. Indeed, a t  
e --g 0, q2+0, qi = M ,  = M 

and f o r  t h e  drop of p re s su re  between t h e  upper and t h e  lower s i d e  of t h e  p l a t e  

( i n  view of t h e  antisymmetry of t h e  stream a t  8 = 0) w e  o b t a i n  
/74 

I n  a d d i t i o n ,  f o r  a n  in s t an taneous  s t eady  f low 

so  t h a t  t h e  t o t a l  drop ( A p / q - )  is  equal  t o  t h e  sum of Expressions (13) and 

( 1 4 )  
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If w e  cons ider  on ly  t h e  r o t a t i o n  of the  p l a t e  around t h e  a x i s  x (F igure  0 
1) , then  q2  = x 8 * 0 

(Here t h e  t e r m  conta in ing  q ' i s  neglec ted)  as a h igher  o rde r  of smallness .  

On t h e  o t h e r  hand, according to t h e  l i n e a r  theory  f o r  a p r o f i l e  of zero th ick-  

n e s s  o s c i l l a t i n g  according t o  t h e  l a w  

2 

a t  s m a l l  f r equenc ie s  k, t h e  p re s su re  drop i s  equal  t o  (compare [31 § 5.3) 

If t h e  motion i s  n o t  harmonic, b u t  changes sI.owly, then  t h e  ope ra to r  i k  

( t h e  known hypothes is  of i n  t h e  Expression (16) can be rep laced  by lva-'8/8T 

harmonici ty)  and, as a r e s u l t ,  w e  s h a l l  arrive a t  t h e  Expression (15). 

The middle t e r m  i n  t h i s  expres s ion  determines t h e  quas i - s t a t iona ry  

damping, and t h e  l a s t  one (an a d d i t i o n  due t o  t h e  nons ta t iona ry  state) g ives  

t h e  nega t ive  damping [ 3 ] ,  i f  xo < 2/3. 

F igures  2 - 4 show t h e  dependence (12) of t h e  c o e f f i c i e n t s  PP~.,  Pg2*, PqJ" 

on M, and a, a t  q2 = 0. 

I n  t h e  c a l c u l a t e d  range  of v a l u e s  of Ma and a, t h e  va lue  of Pql* i s  

p o s i t i v e ,  i . e e ,  t h e  l o n g i t u d i n a l  a c c e l e r a t i o n  (q ' > 0) l e a d s  t o  a n  i n c r e a s e  

i n  p r e s s u r e  i n  comparison wi th  p re s su re  corresponding t o  t h e  in s t an taneous  

s t eady  flow. 

1 

The q u a n t i t i e s  Pq:* and P J . ~  i n  a l a r g e  r e g i o n  of t h e  numbers >la and ang le s  /75 
u ,  are nega t ive  so  t h a t ,  i n  t h i s  case, t h e  e f f e c t  of a nons ta t iona ry  s ta te  
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. / I "  ' 

Figure  2 F igure  3 

l e a d s  t o  a lowering of p re s su re  a t  

a < 0 and 8 '  > 0. A sharp  increase of 92 
t h e  a b s o l u t e  v a l u e s  of  PSI', Pql' and Pqa- 

computed according t o  ( 1 2 ) ,  and shorn i n  

F igures  2 - 4 ,  t akes  p l a c e  only  when t h e  

Mach number i n  t h e  per turbed  area 

approaches u n i t y .  

F igure  4 U t i l i z i n g  t h e  obta ined  s o l u t i o n  (11) 

w e  can determine aerodynamic cha rac t e r -  

i n  which t h e  a t t ached  shock is i tcs  of wedges wi th  t h e  semi-aperture a n g l e  8 

wave i s  formed on bo th  s i d e s .  Such c a l c u l a t i o n s  show t h a t  t h e  increment of 

the c o e f f i c i e n t  of r e s i s t a n c e  a r i s i n g  due t o  the l o n g i t u d i n a l  a c c e l e r a t i o n  

S' 

a t  va lues  of q * t y p i c a l  f o r  t h e  contempory a i r c r a f t ,  becomes s i g n i f i c a n t  on ly  

i n  t h e  case where t h e  l o c a l  Mach number on t h e  s u r f a c e  of t h e  wedge approaches 

u n i t y .  This  f a c t  can be considered as a g e n e r a l i z a t i o n  of t h e  known Frankel  

hypothes is  t h a t ,  f o r  s l ende r  bodies ,  t he  l o n g i t u d i n a l  a c c e l e r a t i o n  a f f e c t s  

t h e  r e s i s t a n c e  only a t  t r a n s o n i c  v e l o c i t i e s .  

1 

F i g u r e . 5  shows, as a n  example, va lues  of t h e  c o e f f i c i e n t s  of damping 

moments of wedges when they  r o t a t e  re la t ive  t o  t h e  apex a t  t h e  moment when 
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t h e  ang le  of i n c l i n a t i o n  = 0 (m,V'is 

r e l a t e d  t o  t h e  v e l o c i t y  head of t h e  s u r f a c e  

i n  a p lane ,  t h e  l e n g t h  of wedge L, and c = 

L L J m - i d c p / d t ) .  For 0 = 0, mzv' i s  determined 

according t o  t h e  l i n e a r  theory  [ 3 ] .  A t  snall 

supersonic  v e l o c i t i e s ,  a l l  wedges exper ience  

nega t ive  damping ( 2 o s i t i v e  v a l u e s  of m,q') 

which r a p i d l y  i n c r e a s e s  as  t h e  Mach number 

behind t h e  shock wave approaches u n i t y .  The 

number M*, a t  which t h e  c o e f f i c i e n t  mrP* 

changes s i g n ,  i n c r e a s e s  w i t h  t h e  i n c r e a s e  of 

S 

Figure  5 

t h e  ang le  0 . Negative damping a l s o  occurs  a t  o t h e r  l o c a t i o n s  o f  t h e  c e n t e r  of 

r o t a t i o n .  

provided t h e  ampli tude of o s c i l l a t i o n s  and t h e  a n g l e  8 are such t h a t  the Mach 

number becomes s u f f i c i e n t l y  c l o s e  t o  u n i t y ,  a t  least  on one s i d e  of t h e  wedge. 

S 

In a d d i t i o n ,  nega t ive  damping may occur even a t  l a r g e  PIm numbers, 

S 
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